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ABSTRACT 

In this paper the attention is focused on the control of 
chaotic systems in the presence of unknown and bounded 
disturbance added to the control input. The issue is 
tackled by exploiting backstepping design and nonlinear 
damping. In particular, backstepping is proposed as a 
systematic Lyapunov-based tool for controlling a large 
class of chaotic systems, whereas nonlinear damping is 
suggested to counteract the disturbance affecting the 
control input. Finally, the effectiveness of the proposed 
approach is illustrated by stabilizing the chaotic 
dynamics of the Lorenz system in the presence of a 
disturbance matched with the control input. 

feedback control [5]. Its application to chaos control has 
been recently proposed in [9]. A major advantage is that 
backstepping can be applied for stabilization of several 
well-known chaotic or hyperchaotic circuits and systems 
[6-141. Regarding nonlinear damping, its utilization 
enables the disturbance affecting the control input to be 
counteracted [5]. 
The paper is organized as follows. The basic notions of 
backstepping design and nonlinear damping are reported 
in Section 2, whereas in Section 3 the proposed approach 
is illustrated by stabilizing at an equilibrium point the 
chaotic dynamics of the Lorenz system in the presence of 
Gaussian noise matched with the input. Finally, 
numerical simulations are carried out with the aim to 
show the effectiveness of the proposed control law.. 

1. INTRODUCTION 
2. BASIC CONCEPTS 

The problem of controlling chaos is an important 
research topic in the area of nonlinear systems [I-21. 
When developing techniques for chaos control, it is 
desirable to pursue the following goals: 

First of all, it is important to develop control methods 
able to drive a strange attractor not only to a periodic 
orbit but also to a steady state. This is because steady 
state solutions represent the most practical operation 
mode in many chaotic systems such as electronic circuits 
[3] or laser systems [4]. 

In order to obtain approaches of more general 
applicability, it is desirable to develop techniques that 
are not closely related to the particular chaotic system to 
be controlled. 

Finally, since real systems are characterized by 
uncertainty, it is important to take into account the 
presence of disturbances when designing control laws for 
chaotic systems. 
Following these guidelines, in this paper backstepping 
design and nonlinear damping are proposed for 
controlling chaotic systems in the presence of 
disturbance matched with the control input. 
Backstepping design represents a powerful and 
systematic technique that recursively interlaces the 
choice of a Lyapunov function with the design of 

In this section three main results from nonlinear control 
theory are reported. These results are exploited in order 
to develop a systematic tool for stabilizing chaotic 
systems in the presence of disturbance matched with the 
control input. 

Result 1: Consider the system 

,i = f (x)  + g(x)u (1) 

where XE 91J' is the state, U E % is the control input, 
f : 9I" + 91JJ and g : 91f' + TiJ' are nonlinear vector 
fields with f (0)  = 0 . Assume that there exist a 
continuously differentiable feedback control law 

U = a(x), fN0) = 0 (2) 

and a smooth, positive definite, radially unbounded 
function V :%" +% such that 
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where W : 31" + 93 is positive definite . Under this 
assumptions the control law (2) renders AZO the globally 
asymptotically stable equilibrium point of (1) [5]. 0 

Result 2: Let system (1) be perturbed as in 

X = f ( x )  + g(x)[u + d(r )J  (4) 

where d(r) is an unknown and bounded disturbance, 
which is "matched" with the input. Then the following 
control law (see [SI) 

Therefore the design of the actual input U is 
systematically achieved in n steps [ 5 ] .  

Remark 1: Backstepping technique can solve 
stabilization problems under conditions less restrictive 
that those encountered in other methods, since it exploits 
the flexibility assured by lower-order and scalar systems. 
Moreover, backstepping exhibits its full power in the 
presence of uncertain nonlinearities and unknown 
parameters, because for such applications no other 
systematic design technique exists [ 5 ] .  

Remark 2: In the case of systems in the strict-feedback 
form, the control law (5 )  becomes 

":I/"(I'p;'op20p;1 Remark 3: Several chaotic circuits and systems are in 
the srricr;feedback form. These systems are Rossler's 
chaotic system [6],  the Lorenz system [SI, Chua's circuit 

(6 )  

p :[O,w) + 3, is said to belong to class-& if it is 
strictly increasing, p(O)=O and p(r)  + 00 as r + w). 0 

the hyperchaotic circuits in [ l l ,  141. 

3. CONTROLLING THE LORENZ SYSTEM 
IN THE PRESENCE OF DISTURBANCE 

Now the basic idea of backstepping design is illustrated. 
This technique represents a systematic tool to design the 
control law- (2) ?to be used in ( 5 ) )  when (1) has a this section the L~~~~~ system is considered for particular "triangular" form, called "stricr-feedback 
form" [ 5 ] .  illustrating the main contribution of the paper, that is, the 

combination of backstepping design and nonlinear 
damping for the control of chaotic systems with 
disturbance. particular, the tool is applied for 
stabilizing at an equilibrium point the Lorenz system in 
the presence of a disturbance added to the control input. 

3.1. Lorenz Equations 

The system considered herein is described by the 
following set of differential equations [ 15-16]: 

Result 3: Consider a dynamic system in the srricr- 
feedback form: 

.U = f ( x )  + g(x)<, 

6 1  = fl("*51)+gl(x.51)52 

tl-l = A-, (X.51. . . .5 / -1~ + g1-1 ( x .  51 .... 5,-1)5, 

('1 

C l  = A C X . 5  ,,--. 5/)+g,(x,51 .... 5,h  [,;I [ -"""i y = -x:- y (9) where s, ..... 5, are scalars, f, g, f, and g I are 
scalar nonlinear functions, u is the scalar control input. 
When a system is in the form (7), backstepping design 

Lyapunov function V(x,t1, . . .5,)  and a control law 
u = a(x.6 5,) that asymptotically stabilize the 

technique Starts by considering the variable as a 
"virtual control input" to stabilize the first equation. 
When has been designed using control Lyapunov 
function, it goes on by considering the variable 6 2  as the 
virtual control for the second equation, and So on. 

,xY-:-R 

represents ;I systematic approach for finding a control where P=l0 is the Prandtl number, is the Rayleigh 
number with R = R o  RO is the 'peration 
value, U is the control variable and d( t> is a disturbance, 

system dynamics at point [51. The which is matched with the control input. For R, =28 the 
uncontrolled system (that is, R = R o )  is chaotic and is 
characterized by three unstable equilibrium points: 
(CO CO - 1) and (-CO - CO,  - 1) t where 

CO = ,/= . Notice that when the set point is the state 
(c,, c,. - 1) the OGY method is not applicable [ 161. By 

(o,oy - Ro 
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translating the origin of (9) in the set point (CO, CO, - 1) , 
the system equations become: 

(10) I- - P X +  P51 

C0<x + 5,) - + X& -U - d ( t )  

3.2. Backstepping Design and Nonlinear Damping 

Consider system (10) without disturbance, that is, 
d(r) = 0 .  Starting from the first equation, a srubilizing 

function al ( x )  has to be designed for the virtual conrrol 

t1 in order to make the derivative of VI(")= x 2  / 2 : 

negative definite when = a1 (x) . By choosing 
aI (x) = 0 and by defining the error variable z? as: 

(11) 
the following (x,, z 2  ) -subsystem is obtained: 

VI = -px' + p x g , ,  

:, = 5, -al(x)= t1 

i = -px + p:,  
- = x - - '  - 2  - (CO + x>52 -2  

for which a candidate Lyapunov function is 

V2(x,:2)=V,(x)+-(51 - a I ( x ) ) ' .  Its time derivative, 

that is [( p + l)x - :? - (CO + x)t2] ,  

g2  =a,(X*;?)=C,+x (' + l).' . The deviation of t2 from the 

stabilizing function a? : 

1 
2 

V, = -px2 + 
becomes negative definite by choosing the virtual control 

( y + 1)s 
;3 ={. -- 

CO + x 
gives the following system in the ( x l , z , ,  z 3 )  coordinates: 
i = -px  + pz2  

-2  = x - z ?  -(CO + x ) ( z ~  +ai) 
23 = [co(x+ :,)-z3 -a, +xz, -U1 

r 

By iterating the previous steps, the derivative of 
1 V , ( X , : ~ . ~ ~ ) = V ~  +-({2-a2)',  that is: 
2 

7 7  v, = -px- - z2-  
r 7 

becomes negative definite by choosing the input: 

As a consequence, (13) represents the control law for 
stabilizing in (Co,Co,-l) the chaotic dynamics of 
system (10) when d ( t )  = 0. 
Now the nonlinear damping term has to be computed in 
order to counteract the disturbance affecting system (10). 
Thus, by applying (8) and by taking into account that for 
the Lorenz system it results 

guarantees the global uniform boundedness of the state 
(x,{~,{?) and its convergence to the corresponding 
residual set. Notice that the proof of the convergence is 
reported in [5], whereas the residual set will be 
numerically investigated in Section 3.3. Furthermore, it 
has to be pointed out that the stabilization of the Lorenz 
system may lead to singularity problem with respect to 
the control action. This issue, which has been widely 
investigated in the literature [15-161, is not discussed 
herein. 

3.3. Simulation Results 

Numerical simulations are canied out to test the control 
law (14) when applied to (IO). It is assumed that both the 
control input and the disturbance are switched on at k20. 
The disturbance is chosen as a simple Gaussian 
distribution with zero mean and fixed variance (d), that 
is d ( r )  -N(O, 5?). Fig.1 shows the time waveforms of x, 

5,, t2 obtained by using (14) with k=O. Notice that for 
k=O the disturbance is still present, but the control law 
(14) reduces to (13), that is, in the control action there is 
no damping. On the other hand, Fig. 2 shows the state 
dynamics (in the presence of disturbance) when 
nonlinear .damping with k=100 is considered. The 
comparison between Figs. 1 and 2 clearly highlights the 
role played by the nonlinear damping in counteracting 
the disturbance, since for k=100 the state variables are 
closer to the origin (for large t )  than the case for k=O. 
Finally, the dimensions of the residual set ' are 
numerically investigated. To this purpose, the dynamics 
in the state space for k=O and k 1 0 0  are shown in Figs. 3 
and 4, respectively. The comparison between these 
figures clearly highlights that the dimensions of the 
residual set (6), which contains the state dynamics for 
large t ,  are greatly reduced in the presence of nonlinear 
damping. 
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4. CONCLUSIONS 

In this paper backstepping design and nonlinear damping 
have been proposed as a new approach for controlling a 
large class of chaotic systems with disturbance. The 
technique has been utilized for controlling the Lorenz 
system in the presence of Gaussian noise. 
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Fig. 1. Stabilization in the presence of a Gaussian disturbance 
without nonlinear damping (i.e.. k d ) :  time waveforms of s. 51, 52 
(top): zoom of the state dynamics around the equilibrium point 
(bottom). 
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Fig. 2. Stabilization in the presence of a Gaussian disturbance and 
nonlinear danving with L=100: time waveforms*of J. 5,. (top): zoom 
of the state dynanucs around the equilibriuni point (bottom). 
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Fig. 3. Dynamics in the state space for !i=O (and large t ) .  
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Fig. 4. Dynamics in the state space for k=100 (and large t ). 
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