2001 European Control Conference (ECC)
Porto, Portugal, 4-7 September, 2001

ON A STRUCTURAL PROPERTY FOR A CLASS OF
CHAOTIC SYSTEMS

S. Mascolo*, G. Grassi**

* Dipartimento di Elettrotecnica ed Elettronica, Politecnico di Bari
Via Orabona 4, Bari, 70125 Italy
Email: mascolo@poliba.it
Fax: +39 0805963621

**Dipartimento di Ingegneria dell’Innovazione
Universita di Lecce, 73100 Lecce, Italy
Email: grassi@unile.it

Keywords: Chaotic systems, (non)linear observer

Abstract

We consider a simple class of autonomous nonlinear systems,
which includes several known chaotic and hyperchaotic
dynamics. We first note that a system belonging to this class
can be obtained from a linear system by means of a nonlinear
state feedback. Then we show that a necessary condition for
the existence of a nonlinear feedback generating chaotic
dynamics is that the uncontrollable eigenvalues of the linear
system, if any, must be stable. This result makes a
contribution to the emerging issue of designing new chaotic
systems. Finally, we give a unified framework to synchronize a
class of autonomous as well as a class of nonautonomous
chaotic or hyperchaotic systems via a scalar signal.

1. Introduction

In recent years, nonlinear systems which exhibit chaotic
dynamics have received ever increasing attention [1]. Due to
its dynamical complexity, chaos was once believed to be
uncontrollable and unpredictable. Recent studies have
demonstrated that chaos is controllable and can be useful for
real-word application [2]-[10].

Many mechanical, chemical or electronic systems can exhibit
chaotic dynamics. Since chaos is unpredictable and may lead
to vibrations and fatigue failures in mechanical systems, its
suppression is generally advantageous. On the other hand,
chaos can be useful under certain circumstances. Therefore,
design of chaotic systems is an emerging research issue [8].
Another interesting topic concerns with the synchronization
of chaotic systems and its potential application to secure
communications [11]. The possibility of two or more chaotic
systems oscillating in a synchronized way is not an obvious
one. In fact, as chaos is characterized by a sensitive
dependence on initial conditions, one could conclude that
synchronization is not obtainable, since even infinitesimal
change will eventually result in divergence of nearby starting
orbits. To overcome this problem, different approaches have

been proposed [7]-[8]. In particular, synchronization has been
stated as a nonlinear observer design issue in [9], where a
systematic method for synchronizing a class of hyperchaotic
systems via a scalar signal has been developed.

This paper makes a contribution to the design of chaotic
systems and to the synchronization theory. We analyze a
simple and interesting class of nonlinear systems that can
exhibits chaotic behavior. We note that a system belonging to
this class can be viewed as a SISO linear system with a
nonlinear state feedback. Referring to this concept, we show
that a necessary condition for the existence of a nonlinear
feedback generating chaotic dynamics is that the
uncontrollable eigenvalues of the linear system, if any, must
be stable. By exploiting this result, we extend the main
contribution reported in [9] by proving that such class of
chaotic or hyperchaotic systems can always be synchronized
via a scalar signal. The latter is a nice feature for secure
communication applications.

2 Chaos and synchronization: Basic notions

We start by giving the following working definition of chaos

[11.

Definition 1: Chaos is aperiodic long-term behaviorin a
deterministic system that exhibits sensitive dependence on
initial conditions.

“Aperiodic long-term behavior” means that there are
trajectories which do not settle down to fixed points, periodic
orbits or quasiperiodic orbits. They are repelled from one
unstable object after another. At the same time, they are
confined to a bounded set of zero volume and continue to
move on this set forever without intersecting themselves or
others [1]. “Deterministic” means that the system has no
random or noisy inputs or parameters. The irregular behavior
arises from the system nonlinearity [1]. “Sensitive dependence
on initial conditions” means that two trajectories starting very
close together will rapidly diverge from each other, having
totally different futures. More precisely, considering two
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nearby starting trajectories x(?) and x(?)+&(t), where &0) is a
tiny initial separation, they will separate exponentially fast,
that is "8 (t)" = "8 (0)||e}\t , where A>0. It is also said that the
system has a positive Lyapunov exponent. The practical
implication is that long-term prediction becomes impossible. It
must be noted that the exponential diverging must stop when
the separation is comparable to the “diameter” of the bounded
set of zero volume which contains the trajectories [1].

Now we define the concept of chaotic synchronization.

Definition 2: Given two chaotic systems, the dynamics of
which are described by the following two sets of differential
equations:

x=f(x)
y=f(y)

where xe R", ye?i”, and f:R" — R” is a nonlinear

vector field, they are said to be (globally) synchronized if the
synchronization error satisfies the condition:

e =(y()-x@®) > 0ast > (Vx(0),y(0))

In order to obtain synchronization, the second system must
receive a proper synchronizing signal from the first one. From
a control theory point of view, this signal can be viewed as an
observed quantity feeding a nonlinear observer for the state x
of the first system [9]. Regarding the synchronizing signal, it is
worth noting that it is an artificial output of the first system
which can be properly designed to feed the second system.
Moreover, note that the adoption of a scalar signal is a
suitable feature for secure communications applications.

3 A structural property for a class of chaotic
systems

The class of chaotic systems considered in [9] is
;=Az+bg(z)+c M

where A€ R", bei)i"“, ceR™ and g:R" >R

Herein, we consider ¢=0 without loss of generality, since there

exists the change of coordinates x=z+d, where d= A_lc,
such that system (1) can be rewritten as

x=Ax+b f(x) @

We note that nonlinear system (2) (see Fig. 1) can be obtained
from a SISO linear system

xX=Ax+bu
{ ©)

y=x
via the nonlinear state feedback

u=f(x)e R “)

u=flx) 5 i

f

Fig. 1: Block diagram of system (2)

Now we are ready to state the main result.

Proposition 1: A necessary condition for the existence of a
nonlinear state feedback (4) such that system (2) exhibits
chaotic behavior is that the uncontrollable eigenvalues of the
SISO linear system (3), if any, are stable.

Proof:

If system (3) is not controllable, the Kalman controllable
canonical form [19]- [20] is

e L
xnc 0 Anc xnc 0

Using the nonlinear state feedback (4), system (2) becomes

Xc | A Apz | xe +bcf(x)
Xpe Lo Ape | Xne 0

the

©)

where subsystem  X,. = A4,.X,. is linear. By
contradiction, if A4,, was not stable, then system (2) would not
be chaotic since trajectories would not be confined to a
bounded set. This contradicts the assumption that system (2)
is chaotic. Therefore, the uncontrollable eigenvalues of (3), if
any, must be stable. Note that, the uncontrollable and
asymptotically stable eigenvalues do not contribute to the
chaotic dynamics since this is long-term behavior. Thus, only
a couple of imaginary complex uncontrollable eigenvalues can
generate a periodic oscillating contribution to the overall

chaotic dynamics. []
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Remark 1: Proposition 1 gives a necessary condition for the
linear system (3) in order to generate a chaotic system (2)
using the nonlinear state feedback (4). This represents a
useful hint to design new chaotic systems.

Remark 2: The class defined by (2) includes several chaotic
and hyperchaotic systems. Chua’s circuit [8], higher
dimensional Chua circuits [12] and Chua’s oscillator [8] are
well-known examples of chaotic systems belonging to this
class. Regarding hyperchaos, R0ssler’s system [9],
Matsumoto-Chua-Kobayashi circuit [9] and its modified
version [13], the oscillators in [14]-[15] and the circuit with
hysteretic nonlinearity in [16] all belong to the class defined

by (2) (see [9)]).

Proposition 2: 1f the (A4,b) linear system (3) is not controllable,
then the autonomous chaotic system (2) can be transformed to
a nonautonomous system of reduced order, which derives
from a reduced order (4.,b.) controllable linear system.

Proof:
If system (3) is not controllable, from (6) it follows

X =Acxo+ApXye+bof(x)=

A.x.+b. f(x.,x,.)+h()= @
Acxe +be f(xc,t)+h(t)

other words, a chaotic

where  h(t) = Ajpx,.. In

nonautonomous system in the reduced state x. is obtained.
This implies that system (7) derives from the controllable linear
system (A..b.) via the nonlinear feedback f(xc ,t) and the

forcing term h(z). []
Example of a magneto-elastic mechanical system

In order to illustrate Proposition 2, the following autonomous
chaotic system is considered:

X’l 0 1 0 0 X1 0
: 1 -8 1 0 -1
E NS ®)
X3 0 0 0 1 X3 0
4l 0 0 -0 ofx| | O

Since system (8) is already in the form (6), it can be
transformed to the reduced order nonautonomous system (7)
as

R SR
oL e

where x=F cosmt is the solution of the uncontrollable
subsystem. This is the state space form of the following
nonautonomous Duffing’s equation reported in [1]:

X+ 8k—x+x° = F cosmt

Remark 3: It is worth noting that all the systems listed in the
Remark 2 are autonomous and derive from controllable linear
systems using nonlinear state feedback.

Remark 4: Chaotic autonomous systems obtained via
nonlinear feedback from linear systems having uncontrollable
eigenvalues are generally expressed in the form of
nonautonomous systems obtained from controllable linear
systems.

Remark 5: Proposition 1 and 2 can be easily extended to
include the class of nonlinear systems obtainable from the
MIMO linear system

x=Ax+Bu
©)
y=x
where Be R™™ . ue R , via the nonlinear state

feedback u = f(x).

4. Synchronization of nonautonomous chaotic
systems

In [9] the synchronization of chaotic or hyperchaotic systems
in the form (2) is systematically achieved using a scalar signal.
Herein, this result is extended to the following class of
nonautonomous systems:

D)

(n—1) (n=2)

+au_1x

f(x, x ,...x("_l) )+Fcos(1)‘ =0

+au_ox +..apx+

(10)

where the forcing term is sinusoidal. Note that several
examples of nonautonomous chaotic systems belong to this
class [1], [17]-[18].

Letting x=x,, the system in the state space form becomes

Proceedings of the European Control Conference 2001

1076

Authorized licensed use limited to: Politecnico di Bari. Downloaded on May 13,2026 at 13:32:41 UTC from IEEE Xplore. Restrictions apply.



X1 =x2
Xy =X
2 3 1)
Xy =—Ap—1Xp —...—aAQX] —f(xl,xz,...xn)—Fcos(Dt
or equivalently
x=A.x+b, (f(x,)+h@)) (12)
where
0 1 0 0 0 0
0 0 1 0 0 0
Ac: ,bc=0,xc=x
0 0 0 0 1 0
—ay —q Ap-2 Ap-1 1

Letting u = f(x)+ h(t), the linear system (4,b.) is in

companion form and it is controllable.

Proposition 3: Given two chaotic
nonautonomous systems in the form (12)

or hyperchaotic

Xo=Apxp +b (fix.)+h(t) (13)
Ve =Acye b (M ye)+ht) (14)
the scalar synchronizing signal
s(xp)=f(x.)+kx,.+h1),
where ke Eﬁlxn R and the nonlinear observer

Ve=Acye +b(f(pe) +h®)+be(s(x0) = 5(pe))
guarantee global synchronization between (13) and (14).

Proof:

It is easy to show that the error system € = X, — y, is linear

and time-invariant. Namely

é=Acye+be(f(ye)+h(D)+be(s(xe)—s(pe)) -
(Aexe +b. (f(x ) +h(D)=Ape+b. (f(ye)— f(x )+
be(f(xe)+kxe— f(ye)—kye)=Ace—boke=Age+bou

Since ., b.) is controllable all eigenvalues can be placed
anywhere by proper state feedback u ke . Therefore the
error system can be asymptotically stabilized in the origin, that
is, global synchronization is achieved between (13) and (14).

Now, for the third and fourth order systems, we are able to
enlarge the main result developed in [9].

Proposition 4: Hyperchaotic autonomous fourth order
systems in the form (2) derive from controllable linear system.
As a consequence, they can be always synchronized via the
scalar signal s(x) = f(x) + kx feeding the nonlinear observer

y=Ay+bf (y)+b(s(x)—s()).
Proof:

In order to get synchronization (A4, b) must be controllable. By
contradiction, we assume that it is not controllable. We have
seen that in order to give a contribution to chaotic dynamics
A, must have at least a couple of imaginary complex
eigenvalues. Therefore, we can transform the system to a
reduced nonautonomous system, the order of which is less
than 3. This system cannot be hyperchaotic since to have
hyperchaos we need at least a fourth order system. This
contradicts the hypothesis, thus @, b) is controllable and
systems (2) can be synchronized.

Proposition 5: Chaotic autonomous third order systems in the
form (2) derive from controllable linear system. As a
consequence, they can be synchronized via the scalar
signal s(x) = f(x) + kx feeding the nonlinear observer

y=Ay+bf (y)+b(s(x)—s()).
Proof:

In order to get synchronization (A4, b) must be controllable. By
contradiction, we assume that it is not controllable. We have
seen that in order to give a contribution to chaotic dynamics
A, must have at least a couple of imaginary complex
eigenvalues. Therefore, we can transform the system to a
reduced order nonautonomous system of order less than 2.
This system cannot be chaotic since to exhibit chaos we need
at least a system of order two. This contradicts the
hypothesis, thus (4, b) is controllable and system (2) can be
synchronized.

5. Conclusions

In this paper we have illustrated a structural property which
holds for a large class of chaotic systems. This property,
which is useful for designing new chaotic systems, allows us
to show that chaotic systems belonging to this class can be
systematically synchronized via ascalar transmitted signal.
Further studies will be addressed, aiming at discovering other
structural properties for the simple and representative class of
chaotic systems considered herein.
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